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ABSTRACT

We give rational approximation schemes interpolating the values

of a given function along two edges of a triangle and the normal

derivative along the third edge . In addition , we give error bounds for

our schemes. For the uniform norm , these bounds are best possible.
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BLEND! NC 1?~’TERPOLATION SCHEMES ON TRIANGLES WITH ERROR BO UN DS

K. B~hmer and Gh . Coman

0. Introduction:

A few ye-irs ago ~arnh.ill-Bir}..hoff-Gordon [1) constructed rational

functions , in terpo la t ing  the value s of a given function on the
boundary of a certain normalized triangle T. In the same paper inter-

polation schemes are given , realizing the values of a g iven func t ion
and its normal deriva tives on the boundary of T. These schemes are

affinely invariant 1ff the normal derivatives are transformed into

the corresponding directional derivatives.

Here we give rational approximation schemes interpolating the values of

a given function along two edges of a triangle T and the normal

derivative along the third edge. In addition we study the remainders

of our schemes and give better error bounds than in (6]. For th2 L~-

norm the error bounds are best possible.

As triangle T we choose the standard triangle Th~
((x ,y)e iR 2jx ~ o ,

y > o, x + y < h} with vertices (o,o), (o ,h) and (h,o). Our schemes

are affinely invariant in the same senBe as discussed above .

1. First Iriterpolationscherne~

In contrary to the followir~g problems we treat Problera 1 fairly

extensively .

Problem 1: For f : Tb 
-~ ]R with f

(l )0) 
e x i et i ng  o,~ 

x 0 find a
blendi ;g function G1f such that

C1f I ~~~0 ~~y:o for x € (o,hl x:o

4 (1) G 1f I X+y :h ~~x:y:h for x e (o ,h]  , 
~~~~~~

- f Cl ,0)
I for y e [o ,h ]  Y 0 X

‘I Sponsored in part by the United States Army under Contract No . DAAG29-7 5-C-
0024 , in part by the Volkswagen Stiftung, Deutschland under Contract  No.
I 1225 ( and a Fuibr igh t  Fel lowship .
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As in many similar cases we use the Boolean sum of two operators

a1~~, namely
a :
~~~:J J.

Here we take O.: P1, ~ P2 with

~~x +y :h ~2~ I~~+y :h ‘

(~ f)
(l )O)~ - f

(1)O)I
1 ‘x:o 

- ‘x:o

~2~
1 y~o

Immediately one finds (compare the technique used in [1])

(P1f)(x,y) = f(h—y,y) + (x+y—h)f~
1’°~ (o,y)

(P2f)(x ,y) 
h-.x-y f(x,o) + ~~~~zj f (x ,h-x)

and therefore

C-1f ~~~ 
® P2 f .

h

We find for G1f with

U1 := P1f, U2 : P2f•

the formula

(P1P2f)(x ,y) (P 1U~
)(x ,y)

= f(h-y,y) + (x+y-h) [~~~
(f(o~h)_f(o1o))

+ ~~~~~~ f~
1’°~ (o ,o) + ~~ (fU,0)(o,h) - f~°’~~(o ,h))j

and so f inally 
- 

.

(G1f)(x,y) = !~!j~~Yf (x ,o) + ~Y.~f(x,h—x) + (x+y h)f~
1’°~ co ,y)

(2) + (h—x—y) ~~.(f(o,h) 
— f(o,o)) + !~~~f

(h I0)(~~,~~)

i 
~ cf (l

~
o) co ,h) .r co ) 1) (o h ) ) I  . :
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Now it is straigh t for ward to check tha t s a f i s f i es (1) and i t is
equally simple to prove the rest of the following.

Theorem 1: Let f : Th ~ ~ he g i v e n .

(a) If f
(1~~~ (~~~ ) f o r  y e to ,h) and f~°’

1
~~(~~,h) c ’xf s t , t h e n  G~f

in (2) s a t i s f i e s  ( 1) .  ~ or e over , jf f(. ,o), f(. ,h - )  c.nd f ( ~~~~~~~~
€ C~~(o ,h] t~.cn G 1f € C (Th

) for j = o and e C J (T~ \ ( ( h ,o ) ) )

fo r j > o .

~b) G1 
reprod ’4ces bivariate pol ynom ials of t O t C l  degree at most 2.

(c)  If f(. ,o), f(. ,h— ’~ 
and f

(l~~O ) (~~ , . ) e C~ [o ,h], then G
1f

solutio n of

( a 
~~~ 

2~ 
= o i~ Th~~ 

( ( h ,o) )

(d) If f( ,o), f(o, ), f
(l ,O)(~~,.) ~ L [o ,h) t h e n  G

1 
satisfies the

f o l l o w i n g  k ind of a maximum pr incip le

11011? II Lw ( T h ) ~ It f(• ,o) II I~~[o ,h] + t IN° , ) 1 L~~[o ,h]

4 hfl f(l ~o) (o ,~) + 
h- f (l ,o) (o,o) fl

+ ~~f ( o ,h) - f( o ,o )  + h(f~~~’°~~(~~,h) 
- f~ °’°~~(o ,h ) f l

3. Remainder  for the First  I n t e r p o l a t io n  $ che:~~~

To estimate the remainder R 1f in

(3 )  R~f : f — G 1f for G1f in (2)

• we use a “Sard -Kernel-Theorem” ( 16) on triang les due to Barnhill-

Mansfield ( 2] : Let F be a linear functional of the form

( ti)  F(g ) 
~ Jf g~~~~~ (x ,y)d!.I~~ . (x ,y )  +
i< p T
j q

+ Z I g~’’~~ (x ,b)c~j1 .(x) + I I g ’~~~(a,y)~~~~.(y),
i+j< m I

~ 
i4j<m 12 

3
j~ q

)

-

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 
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where the functions are of bounded variation , T is a given

triangle , (a ,b) e T is such that the rectangle with opposite vertices

(a,b) and (x ,y) and with edges parallel to the coordinate axes is

contained in T for all (x ,y) E T , and I~ , 12 are the intersections of
the line y = b respect ively x = a with T. If F satisfies

F (p) 0, p € fl~1~~~ (polynomials of total degree ~ rn-i)

then we have

(5) F(g) = I if 1~~~~~~ x ,y; t)g
(m
~~~

3) (t ,b)dt
j<q I~

+ 
~ I K rn (x,y;t )g Im~~

)(a ,t )dt
i(p 12 

-

+ ~~~~~~~~~~~~~~~~~~~~~~~~~ dt , g e B~~q

where

)~~~~‘~~(x ,y;t ) =  F
(x,y )[~~~~~~j:~~~ ~~~~~~~~~~~~~~~~~ j < q

(6) xi~m~~ (x ,y;t ) F (~~ y)~ S~ j~ ) 
~~~~~~)~~~ (b )t ,Y)] . ~ <

= r
(x y4—(; 3.) ’ *(a )t~ x)~~ q 1 ) l  ~4 ’(b ,t

with

.1. 1i f a~~~t (x

$(a,t,x) = 1 if x < t < a

• 0 otherwise ,

and B~ ’~ = B~ ’~ (a; b), i.e. the class of functions g : T R

with the properties

gU i i)  e C T i , i P, i ~( q,

g Cflt
~i~

l
~

3) (. ,b) € C 
~~~ 

g
(m
~iIP (.,b) £ 1.1(1

1
), 0 < i < q

(7).

g(i
~m~i~

1) (a , .) € C (12 ) g
(I $Tfl

~
I)(a ,.) € L1(12

), 0 ~ i < p

€

-4-

~~~~~~ 
e_ -~~~

_
- _

~~
_ ____

~~~~~~~~~~~~~~~ j~~~~~ - ._t~
___

.~~~ ___-



- ____

We , too , will use the class 6r,m Br)m(a;b) of functions , r > 1,
~~~~~~ 

p ,q -

whith sligh t ly  mod if ied  propert ies ( 1)  namely

• g (m
~3 ) ) ) (. ,b) 6 L~,U 3.)~ 0 5 j < q

g
(i )m

~
i)(a,.) 6 L~(I~), ° ~ < p

g(P~~
)e Lr(T)•

Now we are able to prove the following

Theorem 2: If f 6 B1’~ 
(o;o ) t hen

(8) lt R 1fl! L (T h
) ~ ~~~ 

~(2 ,i)~ 
L~(Th

)4
~~~

U ~~~~~°“~t I L~ Eo ,h)

2h3 (1 ,2)• ~7— l If ~°~~~II L,,,Eo ,h ] ,

where the constan ts are best p ossible. If f 6 B~~’~~(o;o) then

(9)  ) lR 1fII L2 (Th ) ~ 
f (2

~
1) I ( L2 (T h ) +

+ h712 / 397/2  
f
(O~~3)

( . ) H  + h7’2 
/19/14 f(1 ,2)( . ) I

126o 
O~ “L2(o ,h) 2o ~~

‘ Remark 1: Best possible , but unusual , estimations for the L 2 -norm are
valid if f 6

‘4 ‘4
‘ 1

~R f~1 Ii IIf (2~ 1)II + h tIf~°3~~~( .)II
“ 1 11L

2(Th) 2o/~T 
“L~,,~(T h

) 
36fi 

O~ UL [o,h)

+ h
’4 I’19/1oS I f(1~~

2)( .)I
‘4 

O~ ‘L [o ,hY
2,1 —

This is proved by (13) , (17) via JJ (g(x ,y)) dxdy with g
2 ’1 front (15)

and similar arguments for the other indices.

-5-
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Proof: Since , by (2) and (3), R1f is of the form 
(4) wi th m 3~ p : 2 ,

q = 1, a=b=o we find , using (5),

(R 1f ) ( x ,y)  J K3~°(x ,y;t)f~
3 ’°~(t ,o)dt

(10) + }! x0
~~

3 (x ,y ;t f
(0

~~
3)

(o ,t )dr + I K~~2 (x ,y;t)f U~ 2)(o ,T)dt

+ j if K2 (x ,y; t ,t ) f ~
2 ’~~~(t ,t )d tdr  .

Tn

Now (6) imp lies

X 3
~ °(x ,y ; t )  = R

~.[-~
-
~?2j

= 
(x—t)~ — 

h—x-y (x-t)~ - ~~~~~ 
(x- t)~

2 h-x 2 h-x 2

K~~
3 (x ,y;t) = R

i[~ -Yj T2+] = 
y-t~~ - 1 y  (h-x-t)~

- 
(h-x-y)y(h 2-t 2) I

2 h 2

(11) K~~’
2 (x , y ; t )  = R 1( x(y-t )~~) = x(y-t )~ - 

~~ 
(h-x- r )~

+ (x+y- h ) (y- t )~ + (h -x-y)~ (h-t )~ J

= (y—t )~~(h— y) — 
~~~~~~~ ( h — x — r ) ~ — 

~~~ 
( h — x — y ) ( h — r )

— 

4’1(x ,y ; t ,t )  = .R 1((*- t )~ (y- t ) ) = (x-4 [(y-t) -~~~~(h- x- t )~~] .

Since the proof is a little bit lengthy we want to scetch what we are
going to do : ( 11) implies that there are three nontrivial summan d s
in (10) , which we discuss separately. We first show how to find sharp
error bounds and then treat th~ kernels K 2

~~~, ~o~ 3 and

-6- 
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~~~~~~~~~~~~~~~~~~~ bounds :  To find sharp error  bounds  we have to i ’~o~T at

(R1f) (x ,y) (R°’3f) (x,y)+ (R1 ‘
2f)(x ,y)+ (R 2 ‘1f) (x ,y)

with (R’’~~f)(x ,y) defined corresponding to in (10) and (11). Let

for e x am p i e
V _

T+ :=T ~~
h l : T

~~
’
~X ,Y)

:?{(t ,T) 6 T h J K2~~~(x ,y;t ,t) ? o}

6 T~~1 K2f(x ,y;t ,r ) < o}

Then

( ( R 2 ’1f ) ( x , y ) I  ~ 
I f  + I f  2 (x ,y ;t ,~~)f (2~ l) (t ,~~)~ dt di
T T

~ I I f 2 ’1ll
~~~( T )  If I K2f(x ,y ;t ,T) dt di

or

(12) HR 2 ’1f l~~(~ ~ ~ t I f 2 ’1lI~~(T ) ‘ fl f f  I K2~~~( ,;t ,t )Idt di
~~L ( T ) .

Since f 6 B~ ’~ the error bound (12) is sharp . To es ti~:ate  H~~~~~- L  (~“2 ~b
we look at

( ( R 2 ’1f ) ( x ,y)) (55 K2 (x ,y;t ,T)f
(2
~
1)(t ,T)dt di)

Tb

~ !J( K 2
~~1 X ,y; t t )

2
dtdt I I f (2

~fl tt L:(Th
)

t or 
h

V 2 25 (5 1 K2
~~~(x , y ; t ,T )d tdi)  I I f

(2
~
f hI L (T Y

h h

Here the f i r s t  inequal i ty  is sharp for every f ixed (x ,y )  6 Tb ,  the
second for all (x ,y) 6 Th. So we finally have

- 7 -  
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I1 R 2 ’1f I t L ( T ) ~

(13) ~~~~ 

V 

K2
~

1(x ,y ; t ,t )d td T)  dxdY) Itf
~
2’1
~I1 (Th)

5 55 ( 55 (K2~
1 (x ,y,t ,t)) dtdt)dxdy IIf

~
2 ’~~

IIL2 (T h)

-
‘ In the f i r s t  l ine the constant  is best possible , whereas it is not

in the second l ine .
Similar arguments hold for R

0,3f and R1 ’
2f.

Now for o~~~x , o~~~y, o 5 1 x - y , o~~~i 5 1  V

= h
2 K°f( x ,y ; r )  and K0 3  KO~

3
I h..I ‘

h 2 K1
~

2 (x ,y ;i ) and x1;
2 

= K1
~

2 I h 1

= h~~ K2
~~~(x ,y; t ,i )  and K~~’

1 
= K 2

~ ’I h . 1 .

So , for examp le , by ( 12)

l l R 2 ’1fII ~~ ( T )  ‘j II f ~
2 ’~~H~~( T )  • IU~ I K2~~~(~~,;t ,t)

and with

:=  ((x ,y) e ~~2 o ~. x , o < y ,  o <~. 1-x-y) Th I h l

x I :~~~~~; y * :* , t’ ::~~~~~~~~~, t ’ ;~~~~~

we have

If ~ X
2
~
1(x,y;t ,t) I dtdt =

Tb V

4) h1 K2~
1 (x ’,y’;t ’,r ’) hdt’hdt ’

h3 fJ~ K2 ’1(x ’ ,y ’ ;t’ ,t ’~ dt ’dt ’ . 

V

T 1
1 

-8-
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In a similar way we have

IIR
O )3

fII L (O hJ 
< 
~5 (jj(K0)3(xy ~t))

2dt)dxdyLIf0~
3(o ,.)Q L [ h )

and

Jf ( f f ( K °~~~(x , y ;t ) )
2

d t ) d x dy
Th Th

2
h’4 ff (J5 ( K°~

3 (x ’,y ’ ;t ’)) hdt ’)hdx ’hdy ’ V

T1 T1

2
h7 JJ (Jf (K

0 3 (x l ,y I ;t I)) dt ’)dx ’dy ’
T1 T1 

V 

-

So, to get the constants in (8) and (9), it is enough , to c o n f i n e

ourselves to h = 1 in K°~
3
, K

1
j~
2 and K2~

1.

ad K2’1: From (1~~) we have

K2~
1(x ,y;t ,t) (x-t)~ ((y-i )~ 

- ~~~~~~ (1-x-t)~~) , 
~~ o

K5o
and t h e r e f o r e  

2 1 
K>o 

x , y )

K j  E o f o r x 5 t , V

x2
~

3. t~~~~~~~Y ) 
~ o fo r o 5 t  5 x , 0 < ~ S y , V

( 14 )  V V

- 
y (x t )  5 o for o t 5 x , y < T 5 1 - x ,

o for 0 5 t 5 x , 1 - x 5 5 1 .

V 

= f ( ~ ~~~ (x -t ) d T  + 
1~x 

~~~~(x t)dt)dt
t=o  t= o  r = y

= - 

~-j -~~
’ y (x~

t ) 2I .~:o = V

— 9-
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and therefore

~ IIf
(2
~~~t IL~~Tl 

~~~~~~~~~~~~~~~ for  (x ,y) €

To f ind I I g 2 ’1II~ (T ) with

(15) g
2 ’t (x ,y):: 

x 2
~~( i - x -y )  

> o for (x ,y) € T
1, 

= 0 iff (x ;y ) €  3

we der ive :

2 1  2_____ i— ( i -x -2 y )  = o i f f  x o or 1 — x = 2y
y l-x

2 1

2 E2 (1—x)2 + y(x—2)] = o
(1—x )

V 2,1 2,1
So 

~ 
(x ,y) (x,y) o if f  x = o or 8y2-2y2-y = o ,

1— x 2y

s.t. y ~~~, x is the maxi mum point  for g2 ’1, sb

ii 2,1 2 ,1 2 1 1
iig L~,(T1

) g (.7 ,~.) 
~~ 

and

(16) 11R
2 ’1fllL (T ) ~ ~~ Ilf~

2’
~~I L (T )

V 

To f i n d  e s t i m a t i o ns  for I1R 2 ’ f  ‘L (T ) .‘e proceed as fol lows (sec ( 14 ) )
2 1

2 1  2 x 1—x 1 
2

• I (R ‘ f ) ( x , y) ]  = ( f 5 K~1
’ (x ,y;t,T)f(2

~
l (t ,t)dtdr)

t=o t:O

A 
ç 1-x 2 x 1-x 2

< I I [K 2
~~ (x ,y;t ,r))dtdt 5 f [f~2’1~~(t ,T))d-tdT

t=o T= o t=o t :o

~ t!O~~JO 
~~~~~~~ ( x — t ) 2dr + J (

~-~~)(x-t)2di)dt ll~~
2 ’1

~ I}L (T

— x3y 1—x — y It
(2,1) 2

- T (1—x ) ~L2(T 1 )

-10-
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2
So finally 11R

2 ’1fL I L (T )2 3 .

< j j  x 3Y~ i_ x ;Y ~~ xd y l l f
(2

~
1) I1

2
L ( T ) 0 II ~~~~

’ L2 (T 1
)

or , with g
2’1 front (15 ) and 55 (g2~~1(x ,y))

2dxdy = i/Z4oo.21

T
a

-. 3
- h Ilf~

2 ’1~ll- L2 (T h
)

(17) 11R
2 ) t f H L2 (T h ) <

h4 IIf (2 ,1) ll
2oñT 

LW (Th
)

— o,3ad K : From (11) we have for  h = 1

(18) KO~
3
x ,y;t ) - 

2(1-x) 
(1x t )~ + y (1_x_y ) (t ~~

We first prove that

(19) x~~
3

x ,y;T ) ~ o for (x,y) 6 T1 and ~ 6 (o ,1]

In o ~~ t •
~ 

y we have

K°~’
3
(x ,y; T) 

(y ~ t ) 2 
- ~~~~~~~~~ (1-x-t )

2 + 
y (1-x 1~~~~~

Now

o,3
is l in ear in r

o ,~~~~~~~(x , v ; T )
—

~~~~~x ,V ;T) 
= y ( i - x - y ) ( 1~-~ 

- y) ~ o in T1

and o 1ff y:o or 1-x-y 0

0,3K (x ,y ; -r )
i . . 0  o.

)
This i m pl i e s  K0

~
3 (x ,y ;t ) ~ o in o < i < y.

-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

• •

~~~~~~~~~~~~~~~~~~~~~~~~~



V 

For o~~~y 5 t 5 1 X W e haVe (5ee (18))

)(°3 (x ,y;r) — 2 (i~ iY ((i x r ) 2 
— (1 x t+t y)(1 t 2 )(1~ x)1

= + 2 ( 1 — x )  ( ( 1— x — t ) ( 1— t 4 X t ) t  + ( r — y ) ( 1 — r 2 ) ( 1— x Y ~ > o

F o r o 5 y 5  1 - x 5 t  5 1  K~~
3 reduces to

V x0
j

3 (x , y ; r )  = y
(l x— y ) ( l i)  

~~ ~~~, 
.

so (19) is proved .

Since K0 13 is a semidefinite kernel we have with n € (o,1)

(R0~
3f)(x ,y) = J K0~

3 (x ,y ;t)f
(0
~
3)(O ,t)dt

V 

= f
(O ,3) (~~~f l )  f K~~

3(x ,y;t )dt

and , analogously to ( 12) and ( 13) ,

HR0)3f1IL (Th)~ 
jJf
(0~~3) 

(o ,! 
~~~L ( O ,hI II I K°f( ,.

and

IlR
0
~
3
fll L2CTh~~ 

II1
~
°’3

~~
(0,

~~
ll L2[O ,h) I I K

0
~
3V,;T

~~~
dT h1 L2(Th

)

Since we are interested only in the constants , it is enough to discuss
• . o,3h:i in ~ h .Correspondir.g 

to
I

• 
K0f(x ,y;T) = ~~ + 

~
‘2 + •3)(x ,y;t) with

2

$1(x ,y;t) : 
(Y;T )+ 

~ for y < ~ < 1

— - 

. 
2~~~~,y , t )  := — l_ x ) (1~~

_ t)
+ = o for 1 — x 5 5 1

•3(x ,y;r) :~ ~~
i—x— y )(1—T 2)

we find . - -

- .2-
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~~~~~-. V: :~i~~~~~ V ~~~~ ~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~ VJ IT J V~~~~~~ ~~~~~~

G°’3 (x ,y )  : f (K 0j3(x ,y;T )) dT = ~ 
~~~2 + 2$ 1$ 2 + 2$

1$3
)dt

1-x 1.
+ 

.~ ~~2 
+ 2$ 2~~3 )dt + 5 $3 di

Y 1-x

- 1 (i.... + 1 ) ,,S — 
y ’4 ( 1— x) 

— 
y
6 

+ y ’4 ( 1 — x — y )  (1 —- 2o 12 6 6o (l—x) 6 10

+ [ ~~~~~~~~~~ - 
y
2
(1-x-y) ~~)2 (1 - 

(1-x) 2 )] + 2y 2(1-x-y )2

2o 6 lo 15

and finally

o , 3 397
4) 

0 (x ,y)dxd y 31752oo

(20)

1/ 397 - 11~~~~2
V 31752oo - 

126o

Computing

~
O
~
3(x,y) : = 5 K°~

3 (x , y ; T ) d t  = + 2 + $3
)dt

0 0 V

• 1—x I
+ ~ ~~2 

+ $ 3
)dr  + I $3 di

y 1-x

we f ind

~
O
~

3 (x ,y)  ~(y
2 

- ( 1-x) 2 + 2 ( 1-x-y))  = ~~[(y- 1) 2 
- x

2
] ~ 0

V 3

~~~~~~~~~~~~~~~~~~~~~~ 
r~~~~-~~~~~~ ~~~~~~

--
~~ ~ 

~~~~~~~~~~ — _-V V--VV — -
~~



—

since 1-x-y ~o and therefore (y -J) 2 ) x2. Because of

V 
9~ °~

3 (x ,y)  
= (+ 2 ( 1- x) - 2 )  = - = 0 i f f  x = o or y = o

the ext r ema of ~~~~~~ in T1 are realized on

~ < ~~~~~~~~~~~~~ 
y (y - 1) 2 

< 
2

-b (x ,y :o) = o

¶ o ,3 -u (x= 1—y,y ) = 0

(21) II~°’
3(
~~~~ IL (T ) =

ad K1’2: With h = 1 (11) imp lies

(22) K1~
2(x ,y;t) (y—t )~ (1— y) — ~~~ ( 1— x — i ) ~ — (1—x—y ) y(1—i ).

Since K~~’
2 is a continuous piecewise linear function (for x ~ 1),

one f inds

(23) K
1
~
2(x,y;T ) < o

by simply checking K1 ’2(x ,y ; r )  for t = 0 , y ,  1—x , 1.

• Again we have to compute
1 2

G1’2 (x ,y)  : f. (K1j2(x,y;i)) di and

~~‘
2 (x ,y) : - 5 K~~

2 (x ,y ; i)d i  (see ( 2 3 ) )

and f ind 
—

G1 )
2 (x ,y) = ~ [( 1_y )y 3 (_ 2 + 3y _ xy_ y 2 + ~~~~

+ xy 2 1-x a-2y-x 2-xy + (1_ x_y ) 2y2~

V /T~714 2
(24) fJ G~’’ 2 (x ,y)d xdy = ( 2o ) ,

T1

~ 

V •  V V



-- -~~~~ ~~~~ ~~ V ~_~~-V • _ _ - VV  —- 
V

— 
~~‘

2(x ,y) s ~(x
2—y 2+2y— 1) = ~ (x 2 — ( 1— y ) 2 ) c o

Because of 3~~~’
2 ’3x = o 1ff x = o or y ~ o we find Il~~’

2IIL (T1)
by discussing

0 < ~~~‘
2 ( x o ,y) = + ~~~~~ +

- ~
1 ’2 (x ,y o) E o

~~~‘
2
(x :1—y ,y) : 0

or

V 
• ~~~~~ - 2

II 
~‘L (T3.) 

-

By fitting together formulas (16), (21) and (25) we have (8), by (17~~,

(20), (24) we have (9) and the constants are best possible in the

sense indicated in Theorem 2 and in the following Remark. o

4. Seco nd Interpolat ion Scheme:

By interchanging x and y we come from Problem 1 to

Problem 2: For f : Th 
-, 

~ with f(OIl) exis t ing  on y o  f i n d  a
V blending function G2f such tha t  y

G2f1 x o  = 
~~~~~~~ 

f o r  y 6 to ,h~ x+y=h

V (26 )  02~~I~~+ y :h ~
1 x+y= h for x € to ,h] 

x=o

- 

(G2f)~°’~~ I~~ 0 = f~°’~~I~~0 for x € to ,hi

I ~~-

The corresponding results to Theorem I and 2 are valid , too ,
and we have for 02

h-x-y f(o ,y) + f (h-y,y) + (x+y-h)f ~°’~~ (x ,o)

C27)~ 
V

V 

[ ~~~~ 

(h-x-y) ~~~~f h ,o - f(o ,o) )  + !~j ~2~ f
(o,1)(O ,0)+~~(f (h :O)+f ( h :O))

- 15 -

~~~ V 
~~~~~~~~~~~~~~~~~~~~~~~ - 11



•V--- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~

S. Third Interpolation Scheme and Remainder:

Now we discuss

Problem 3: For f Tb • ~ with f(0 1~~ + f~
1 ’°~.xia ting on h-x-y = o

find a blending function G3f with 
~‘

G3fI~~ 0 = 

- 

for x € [o ,hI 
x=o

(28) G3fI~~ 0 = fI~~0 for y € [o ,h) 
— 

• \ V

\

(~ f
(l )O)

~ 0 f (O)l) )I - (f
(l~ O)~ f (O ,1)

(V 3 3 ‘h-x-y o - 
h X Y O ~

V By dis t inguishing the two d i f ferent  cases x ~ y and x < y we def ine

G1f and G2f by

- = 
~I y o~

( Q f (I~ O) 
+ Q1

~~ 0~l~~ 
h-x-y o = (f(l )O) •

Q1f I~ =0 = fI~~0~
V 

(Qf
(l~ O) + 

~2 
‘ Ih-x-y o = ~~(l~ o) 

+

and we find

V 

~~~ 
= f (x - y , o) + ~(f(l )O) + f (O ,1) ) ( h+~ -Y ,h~~ +Y ) V

(29)

[~~~2
f)(x ,y) = f (o ,y-x) + ~(f (l~o) + f(O )l)) (h + y h + y )

and finally 
V

• 
Q1f (x ,y) for y ~ x ,

(30) (G 3f ) ( x ,y)

Q2f (x ,y) for y ~ x .

- 1 6 -
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~~

V -

~

V-- -V-- -- V- V--—- -

1
A s trai ght forward  computation y ie lds

Theorem 3: Let f : • ~ be given and IIf (~ ,h— ) l l L (~ h) = S u p e s s f f( x ,h- :. V
~ ‘ *€ [o h )

• (a) If (f (1 )O) + f~°’~~
) exists along h—X—y 0,thefl G3f is a solution

of Problem 3. Moreover , if f( ,o), f(o, ) and
(f

(l~ O) + f (O ,l) )(.
V
~h_ .) 6 C~ [o,h), then G3f 6 C~

(Th).

(b) 0
3 reproduces linear functions.

(c) If f(• ,o), f(o, ), (f
(l~ O) + f~°’ )(,h~” ) € L~ [.o ,h] t h e n

llG3 f i lL ( T ) 
~ 

l ‘°~~
11L [ o ,h) + ‘~~~°‘ ~

11LojO ,h 1 +

+ h I ( ( f 11’°~ + f(o ,1))(. h-~

• To discuss the error we , again , introduce

V 
(31) R 3f := f — G3f

Since we have to transform the original triangle Tb, we have to

transform the conditions defining B :~~(a ,b), too. Let

f : Tb ~R o < i , j  :

C(Th) for (i,j) < (p , q)

V 
V AC (T h {x :y) )  for j < q ,  i m —j - 1 ,

(32)  - (~~
__+

~~
_)  

~~~~~~~~ 6 L~(T~ tx y)) for j<q, i m-j, V

AC(Th {x+y h) ) for i<p ,  j :m-i-1 ,

1•
~r
(Th {x+y=h)

) for icp, j=m-i.

I•
~r
(Th) for (i ,j )  = (p , q)

Theo rem 4: If f € B2’~ then , with  II f ~~,h_ ) Il L . [O h] -s
~~
e
~~ 

I f ( x ,h — x ) I  ~xe[o ,h]
2 2

3~~~
1.
~~

(T h
) < 

~—II~~ + f( ,h” 
~

111~,[o h]

(33) 3 2
+ + - 

~~ L, (Tb)

- 17-
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If f 6 ~~~~~~ then -

5/2 2

11R 311I L (T ) ~ ..7ii (~ + ~

3 • 2 —

- 

+ —7dI(~~ 
+ — 

~~~~~~
L2(Th

)

The constants given in ( 3 3 )  and (34) are bes t possib le and a sirilar

3~emark .t0 Remark 1 is possib le.

Proof: To be able to apply ( 4 )  and (5) we transform the variables:

(35) u : ~~~~~~~~ v : , ~ = ~~_.! , y
r2

Transforming Q2f 
via (35) we find with (29), (30) for y > x or v ~ o

(Z~f (u ,v)  = g (v ,v) + (u_ v ) g (1
~

0) (~ ._ ,v)

with -

: f (x = = 
U+V~

(36) - 

V 

(~~2f ) ( u v ,v)  = g(v,v) = f ( o ,~~ v )  for v 6 E o ,~~~)

}
~ 
(
‘
~~f)(u = v) = g (1

~
O)(~!._, v) =

= 
I (f (l ,O) +

Applying (4) and (5) to

(~~3~~2
f)(u ,V ) : (g - ~ 2f)(

u ,v)

V = g(u ,v) — g(v ,v )  — (u—v) g
(l iO)~!L., v)

with m = 2 = p, q = 1, a !L. and b = o we have

- - 

-

-18-
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r V  
— 

-

( )
(~~3~ 2 f ) ( u ,v )  L K~ ’°(u ,v;t) g 

2,o (t ,o)dt

- h//~
(37) + 

~ ~~~ (u ,v , r ) g~°’2
~ (!!_ ,t )dt + f K~ ’~ (u ,v ;i )g 

(1,1) (~~— ,i ) d t

h/n h/n
+ 5 5 x.~ ’

1(u ,v;t,t g
2’1(t ,t)dtdr

E o  t t

By (6)

K2~
0(u ,v ;t) =

and with • -
~

I-1 for o~~~u~~~t~~~h/~’iI( •(!i_,t,u) = f  - - - - =  — (t—u) ~
/7 ~o f o r o S t < u 5 h / / ~~j  

+

K2~°(u ,v;t) = ~3((t-u)4) = (t u)~ - (t-v)4

K~ ’
2(u ,v;T) ~ 3 ( ( v — r ) ~. ) V 

V

K~j1’
1 (u ,v; r ) = ~3(

(u—!2~—)(v—t)~ °) o

V K~ ’1(u ,v ;t ,t )  = ~ 3 ( ( u - t)~~(~~~,t ,u) •

- 
= ~3((t-u)~(v-i)~°) = (Ct-u) 4 

- (t -v)~~) ( v-t~~ 
°

Similar arguments like in the proof of Theorem 1 show that (here 
V

: Th
x :=  (Cu ,v 1  ~ ~ ~, ~~~~~~~~ T1~ := T~:I 

h=1~

‘I h/n
II 5 K~ ’°(. ,

. ; t) g (2 )0) (t ,o)dt~~ CT ::)
o

(38)

11/7
~ h

2
fl I K~~

0( , , t)dt IIL(T n) . •~jg
(2~O)(.,o)fl~~~[ h ]

-19-
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- 

~ h
5/2 

T~~(K
2 ,o(~~~ ;t)) dt II L (T n) . ~g

C2 i0~~~. ,o)IIL[o h ]

(40) -

5 h3IIjj K~~’
1( ,~~ 

;t ,T ) d t d i I I L ( T ::) IIg
(2 1~~ II~~(~~::)

and So on. Now

• — ( u - v ) 5 o  for o~~~ v 5 u 5 t 5  i /f l

x~~
0(u ,v ;t )  = • — (t-v) ~ 

o for o S v 5 t < u < i / f l

o for o S t 5 v S u

and so -

1/ /7 V

5 K~ ’°(u ,v ,t)dt — (u—v)(!—. —

Ic/7
(K 2 ,o (u ,v ;t ) ) dt = (u-v) (~~ 

- 
2u +V )

That implies -

(4 1) II! X~~
0(. , .; t)d t IIL (Tl

;:) =

i/iT 2
II 5 (K2 ’°(.,• ,t)) dtjIL (T 

2:
) 

= 
____1 2 1  3/iT~72

-20-
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For the second remainder term we need 
• V

o for v 5 t ,

X~~’
1(u ,v ;t ,T )  = — (u-v) < o for v > t and o 5 v S u < t 5 1/fl ,

— (t-v) 5 o for v > t and o 5 v 5 t < u 5 i/fl,

o f o r v > T a n d o < t ~~~v 5 ~~~5 i/fl.

Therefore

J f  K~~’
1(u ,v;t ,T)dtdT = -(u-v) v (1— -

• 2 2
55 (K~ ’1(u ,v;t ,t)) dtdt = ( u — v)  v ( !~ — 

2u+v)

T1
:: /7

an d f in a l l y

(~ 3) II 11 (
~~ ‘ , .;t , t ) ) dt d rU L CT ::) -

• - T1” ~ 1

(44 ) ~~~ ~
2 ,1( ,~~ ;t ,i)~~tdt

’
~ ••) =1 L2

(T1 12TT~

Until now we have only treated the error in Th’ , not in 
V

• Th~
_ :: ((u ,v) I o S - v < u < h//7} .

Because of the symmetry of Q1f and Q
2

f in (29) we find , for example ,

A

— z 1 -

— 
V 

-~~~~ 

~~~~~~~ i~~~~~~ —~ - 
~~~~

-
~~~

----
~~~~

-• - 
~~~~~~~~~~~~~~~~ .-~~~~!t:~~~&-~~~ - -
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h/fl (2 )
II 5 x~ ’° ( •  ,. ;t)g ‘~~ Ct ,o)dt 11 L~,[ - h/ f l ,h / f l ]

i/fl
< h2 

~ 5 K~~’°( ,~~ 
;t)dtlIL(T ::)

(45)

(2 o) (2,o)max( I~g ( .  
‘°~

1
~L~,[o ,h//~J ,I~c ( ,o)

1/fl 
~ (2 )

h~ II 5 K ’ °(• ,• ;t)dtI~L (T ::) hg ( ,o) L [_ h/fl~~ /,fl

and V

5 h 3I~ \f7~ ( K 2
~~

1( .  , . ;t ,T ) ) d tdT ll L ( T :: )

(46)

. ~~~ I
~L2

(T
h
::) + ~~g

(2

= h311 
~~T~L i  

‘~~ (~ ,~ ;t ,t ) )  dt
~~ 11L (T x) ~~ ‘~~~~~ IIL 2 Th

:
~~Th

:
~~~~.

Finally we have to use the inverse transformation to (35).

By (35)

~~~~~~~~~~ (h }~
), v o iff x = y ,

and so, see for instance (39), (40),

I ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • V 
•
• •

~~~ 

V



g~
2 ’°~cu ,o) = ~~

. (~~ + ~~ ) f ( x ,h— x )

( ‘4 7)

g~
2’~~(u ,v) __i__ 

~~~~ + — ~~ ) f(x ,y)

Fitting together (38), (4 1 ) , (43), (45), (47) we find (33) , wher~~is
(39), (4 2 ) , ( 4 4 ) , (46 ), (4 7 ) gives (34). o 

•

If one imposes additional symnetry conditions on f , one c,an cors~~: u c~
interpolating functions satisfying (28) and reproduc ing  b i v a r iate
pol ynomials.
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